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Abstract
We show that the bubbles S2×S2can be created from vacuum fluctuation in
certain De Sitter universe, so the space-time foam-like structure might really
be constructed from bubbles of S2 × S2 in the very early inflating phase of
our universe. But whether such foam-like structure persisted during the later
evolution of the universe is a problem unsolved now.
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J.A.Wheeler was the first one who pointed out that the space-time might have a foam-like
structure around the Plank scale [1],though it is simply connected and smooth at large scale.
But what is the constituents of the space-time foam is a problem long unsolved. Hawking
himself oscillated between the wormhole pictured and bubble pictured foam-like structure
[2].However according to our point of view, the essential point is whether the bubble or
wormhole could be really solutions of the semi-classical Einstein gravitational equation
Gνµ = −
8piG
c4
〈0 | T νµ | 0〉ren, (1)
where Gνµ = R
ν
µ − 12Rδνµ is the Einstein tensor of the bubbles or wormhole, 〈0 | T νµ | 0〉ren
is however the renormalized matter stress-energy tensor of vacuum fluctuation in certain
given classical background space-time, G is gravitational constant, c is velocity of light. The
signature in our paper is -2.
Early in 1993, one of the authors (L.Liu) had found a transient Lorentzian wormhole
solution [3]
ds2 = d(ct)2 − l2p cosh2(ct/lp)dΩ23, (2)
where lp is the Planck length. From (1), this Lorentzian mini-wormhole creates at certain
early time and annihilates later under vacuum fluctuation in a closed inflating de Sitter
background space-time of metric
ds2 = d(ct)2 − α2ect/αdΩ2
3
, (3)
where α =
√
3/Λ, Λ is the cosmological constant of the background de Sitter universe. Now
the problem is whether the Euclidean bubble S2 × S2 can also be a solution of the semi-
classical Euclidean Einstein field equation (1)? As is known, the Euclidean metric of S2×S2
is the Nariai instanton of metric [4]
ds2 = −λ−1(sin2 χd ψ2 +dχ2 + dΩ2
2
), (4)
where ψ is the imaginary time and
√
1/λ is the radius of the 2-sphere S2. λ in our paper
is nothing to do with the so-called cosmological constant, though it is so in the degenerated
De Sitter-Schwarzschild spacetime historically. The Lorentzian Nariai metric is [4]
2
ds2 = λ−1 sin2 χdψ2 − λ−1dχ2 − λ−1dθ2 − λ−1 sin2 θdϕ2), (5)
where ψ = −i ψ is a real time variable.
From the Lorentzian Nariai metric (5) and (1), the renormalized vacuum matter stress-
energy tensor can be obtained straightforward as (Appendix)
〈0 | T νµ | 0〉ren = −
c4
8piG
Gνµ =
c4
8piG
λδνµ. (6)
However expression (6) is just the well-known vacuum matter stress-energy tensor in
one-loop approximation for scalar field [5]
〈0 | T νµ | 0〉ren =
h¯c
960pi2α4
δνµ =
c4Λ2l2p
8640pi2G
δνµ, (α ≡
√
3
Λ
, Λ is the cosmological constant).
(7)
of the inflating flat de Sitter universe
ds2 = d(ct)2 − e 2ctα dxidxi (8)
or the inflating closed de Sitter universe
ds2 = d(ct)2 − α2 cosh2(ct/α)dΩ2
3
(9)
If we put
λ =
l2pΛ
2
1080pi
, (10)
if the bubbles S2 × S2 are the result of the vacuum fluctuation of certain background de
Sitter space-time, then a reasonable demand of (10) is
√
λ−1 ≪√3Λ−1, or λ≫ Λ/3, that
is Λ ≫ 1080pil−2p
3
∼ 1069, here we would like to point out again though Λ is the cosmological
constant of the background De Sitter spacetime, λ is not, λ relates only with the radius of
the two sphere S2.
In concluding, we show unambiguously that the bubbles of topology S2×S2 can be really
created from vacuum fluctuation in the background de Sitter universe of k = 0, 1.
3
However important comments should be given now, i.e., First, in our understanding, it
seems the instanton S2 × S2 is just certain kind of compact topological object with χ = 4
and index τ = 0, which have no connection with the creation of black hole pairs. In fact,
we agree with Bousso and Hawking [4]: “Strictly speaking, it does not even contain a black
hole, but rather two acceleration horizons.”Second, It seems either the wormhole pictured
or the bubble pictured space-time foam-like structure can only be created from the vacuum
fluctuation in the inflationary era of our universe. This remark had already been pointed out
by Buosso and Hawking [4] and Hawking [2], but whether such spacetime foam-like strucure
stably exist during the later evolution of our universe is an interesting problem unsolved.
So it seems that the stability of the above mentioned foam-like structure should be studied
in order to confirm that Wheeler–Hawking’s conjecture is true or not.
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APPENDIX A: APPENDIX
The Lorentzian Nariai metric of S2 × S2 is
ds2 = λ−1 sin2 χdψ2 − λ−1dχ2 − λ−1dθ2 − λ−1 sin2 θdϕ2
namely g00 = λ
−1 sin2 χ, g11 = −λ−1, g22 = −λ−1, g33 = −λ−1 sin2 θ, gαβ = 0(α, β =
0, 1, 2, 3;α 6= β). The determinant of the metric is g = −λ−4 sin2 χ sin2 θ.
From gµλ = ∆µλ/g, we can compute contravariant components of the metric as follows:
g00 = λ sin−2 χ, g11 = −λ, g22 = −λ, g33 = −λ sin−2 θ, gαβ = 0(α, β = 0, 1, 2, 3;α 6= β).
From Γαµν =
1
2
gαλ(gµλ,ν + gνλ,µ− gµν,λ), we get the non-zero components of Christoffel which
are Γ0
01
= Γ0
10
= ctgχ, Γ1
00
= sinχ cosχ,Γ2
33
= − sin θ cos θ, Γ3
23
= Γ3
32
= ctgθ.
4
Put the values of the above Christoffel into the following formula of Ricci tensor Rµν =
Rλµλν = Γ
λ
µλ,ν − Γλµν,λ + ΓλσνΓσµλ − ΓλσλΓσµν , we can get the non-zero components of Riccci
tensor as follows R00 = sin
2 χ, R11 = −1, R22 = −1, R33 = − sin2 θ. We can also compute
Ricci scalar as follows R = gµνRµν = 4λ. Through the formulas Gµν = Rµν − 12gµνR,
we get the non -zero components of Einstein tensor which are G00 = − sin2 χ, G11 = 1,
G22 = 1, G33 = sin
2 θ. From the formulas Gνµ = g
νρGρµ ,we get G
ν
µ = −λδνµ.
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